by researchers to calculate the convective heat transfer behaviors of the nanofluids. The word "nanofluid" coined by Choi (1995) describes a liquid suspension containing ultrafine particles (diameter less than 50 nm) (See Choi et al. 2001 , Keblinski et al. 2005 . The first providing for this ground of Sakiadis (1961a, b, c) he concentrated on the induced affected by the uniform motion of a continuous solid surface taking into account the laminar boundary layer approximation.
An exact analytical solution of the equation for a elastic sheet where the surface stretching velocity was proportional to the distance from the slot was given in Crane (1970) . In this presentation, we will perform an analysis of a mathematical model describing the aforementioned process in which the ambient nanofluid in the presence of mass transfer is taken into consideration.
Solution of mathematical formulation
We reflect on the steady laminar boundary two-dimensional (x, y) co-ordinate magnetohydrodynamic (MHD) flows of a nanofluid past stretching/shrinking sheet in the presence of presence of mass transfer. The liquid is electrically conducting in the presence of applied magnetic field with constant strength B 0 that is parallel to y-axis. The sheet is supposed extended in the x-direction such that the x-component of velocity varies linearly with x along its surface. It is assumed that the velocity distribution of the stretching/shrinking sheet is u = u w (x) = αx where x is the coordinates calculated along the stretching/shrinking of the sheet, is a constant with > 0 for a stretching, < 0 for a shrinking and = 0 surface is permeable. Stretching/shrinking sheet problems Prandtl zero pressure gradient and outside other forces are not considered. In practice, it is only an extremely meticulous pulling of the sheet that can allow one to assume linear stretching. The schematic of the physical replica, geometrical coordinates are depicted in Fig. 1 . The liquid is a based nanoliquids containing three types namely, Cu, Al 2 O 3 and TiO 2 . Thermophysical properties of the nanoliquid are listed in the below Table 1 . Conservation of mass and conservation linear momentum are given by where,
, where, the other quantities have their meaning as mentioned in nomenclature.
The bases for present analysis laminar boundary layer equations for an incompressible nanofluid.
where, the quantities have their meaning as mentioned in nomenclature. We further assume R m ≪ 1, where R m is the magnetic Reynolds number.
The associated boundary conditions on velocity are given by Laminar boundary layer flows induced by a continuous surface stretching with velocity u w (x), v c is the mass flux velocity with v c < 0 for suction, v c > 0 for injection and v c = 0 is the case when the surface is impermeable.
In the physical stream function formulation ψ x, y such that
is the dimensionless stream function and
y. The material parameters in (4) are described mathematically by, where, φ (0 < φ < 1) is the solid volume fraction, ρ s is for nanosolid-particles, ρ f is for base fluid.
(1) Equations (3) and (4) admit self-similar solution of the appearance where, subscript η denotes the derivative.
In the stream function formulation Eq. (6), Eqs. (3) and (4) reduce to where the second term in the above equation is the Jacobian. Substituting ψ x, y = √ ν f x f (η), into Eq. (8) and following ordinary differential equation
This can be rewritten as,
The associated boundary conditions are given by where, V c = v c √ α ν f suction/injection, represents stretching/shrinking parameter, > 0 represents stretching sheet, < 0 represents shrinking sheet and = 0 for fixed surface.
We search the solution of the laminar boundary value problem (9) and (10) in the following closed analytical form, where, β > 0 must satisfy the quadratic equation,
The discriminant of Eq. (13) is positive when ≥ 0 and it can be negative, if < 0. In the latter case the discriminant is non-negative only if So in the case of a shrinking sheet if the inequality (13a) is not satisfied it is impossible to find β and the analytical solution of the required form does not exist.
Suppose now that the discriminant is ≥0 and distinguish some cases.
. Mahabaleshwar et al. SpringerPlus (2016 ) 5:1901 Case ( and Therefore in this case the problem (9) and (10) admits two analytical solutions. If V c < 0, the two roots are negative and so the problem does not admit a solution in closed form. If Ŵ 2 + Q = 0, and V c > 0, then β = Ŵ 1 Ŵ 2 V c ; if Ŵ 2 + Q = 0 and V c < 0, then it is impossible to find β.
Finally if < 0, and the discriminant is equal to 0, then in the case V c > 0 we have
2 , while in the case V c < 0 it is impossible to find β. When it is impossible to find β one can try to solve the problem numerically. More over the possibility of two values of β is not surprising because in the studies on the flows of the classical fluids with a stretching/shrinking sheet dual solutions have been found in the literature.
Skin friction
Wall shearing stress τ w the expression is given by: Substituting u = α x e −βη in Eq. (14), we get
Results and discussion
The present article is the generalization of the classical work of Crane (1970) flow and nanofluid driven by stretching/shrinking sheet with external magnetic field and suction. The classical Crane solution of the linear stretching sheet is extensive to include nanofluid, shrinking and suction/injection of weakly electrically conducting Newtonian fluids and also three types nanofluids, namely Copper (Cu), alumina (Al 2 O 3 ) and Titania (TiO 2 ) in water as the base fluid. The basic boundary layer equation of momentum field is mapped into highly nonlinear ordinary differential equations via similarity transformations. Similarity solution is obtained for the velocity distribution. The velocities are decreasing function of η as it is an exponential function with negative argument. It is
apparent from Eq. (11), that is β, which is function of the suction/injection parameter V c , with V c < 0 for suction, V c > 0 for injection and V c = 0 is the case when the surface is impermeable, stretching/shrinking parameter , > 0 for stretching sheet, < 0 for a shrinking and = 0 for fixed surface and Chandrasekhar number Q, shows to the slope of above exponentially decreasing velocity profiles. Figures 2, 3 and 4 reveals the influences of Chandrasekhar number Q, on the laminar boundary layer flow field. The presence of Chandrasekhar number Q sets in Lorentz force effect, which consequences in the retarding effect on the velocity field. As the values of Chandrasekhar number Q, increase, the retarding force increases and consequently the velocity decreases. The same effect is observed for increasing values of V c > 0, it is also clear that increasing values of Q results in flattening of f η . These figures reveals that velocity profiles are going closer to the wall and the boundary layer thickness becomes thinner for the increasing Q. It is seen that the velocity is going closer to the wall and boundary layer thickness becomes thinner for larger Q. The reason behind this is that increase in Q results the increase in Lorentz force which in turn produce more resistance to the velocity field. Physically, present phenomena occur when magnetic field can induced current in the conductive fluid, then it create a resistive-type force on the fluid in the boundary layer, which slow down the motion of the fluid. So finally, it is conclude that magnetic field is used to control boundary layer separation. The thickness of MHD boundary layer also depends upon the . For = −1, the laminar boundary layer thickness is larger than a = +1 and the effects of Q are more pronounced. These effects are negligible for = 1.
Concluding remarks
The laminar boundary layer flows in a nanofluid induced as a result of motion of a stretching/shrinking sheet has been presented. We study only analytical solution of the problem and some important results of the study are concluded as follows:
1. The axial velocity and transverse velocity, is a decreasing function of η as it is an exponential function with negative argument. 2. Increasing values of the Q results in pulling down of velocity profiles. 3. Velocity profiles decrease with an increase in Q (Ferraro and Plumpton 1961) and (Borrelli et al. 2015) . 4. The velocity components transverse velocity f and axial f η are reveals for different values of the Q, the velocity decreases with increases in the Q due to an increase in the Lorentz drag force that opposes the fluid motion. 5. The increase of Q leads to the increase of skin friction parameter in all the cases of suction/injection. 6. The classical Crane (1970) flow is recovered from Eq. (13) for V c = Q = φ = 0 and = Ŵ 1 = Ŵ 2 = 1. 7. The classical Pavlov (1974) flow is recovered from Eq. (13) for V c = φ = 0 and = Ŵ 1 = Ŵ 2 = 1. 8. The Gupta and Gupta (1977) flow is recovered from Eq. (13) for φ = 0 and = Ŵ 1 = Ŵ 2 = 1. 9. The skin friction is lower for stretching and higher for shrinking sheets. 10. The effect of increasing the V c and the Q is to increase the velocity and decrease the laminar boundary layer thickness in shrinking case (Borrelli et al. 2012 (Borrelli et al. , 2013a . 11. The heat transfer at the surface of the sheet increases with the increasing suction/ injection V c and the nanoparticle solid volume fraction φ. 
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